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Improvement on the Scaling Theory
of the Stationary Plasma Thruster

Yu Daren,* Ding Yongjie, and Zeng Zhi*
Harbin Institute of Technology, 150001 Heilongjiang, People’s Republic of China

The scaling theory of the stationary plasma thruster provides a basis for the design of thrusters. We first briefly
discusses the disadvantages of the existing scaling theory, and then we improve it by introducing a scaling index
variable. If the scaling index variable is properly set, the thruster performance prediction is much improved, and
the model can be used to identify areas for design improvement. For example, for lower powers the probability of
magnetic saturation can be reduced, and ion sputtering can be alleviated; for higher powers the power-to-weight

ratio and thrust-to-weight ratio can be improved.

Nomenclature

= magnetic field induction in magnetic core
magnetic field induction in channel
saturation magnetic field induction in magnetic core
electron field

electron charge

acceleration of gravity
volumetric rate of ionization
discharge current

discharge current density
electron current density

electron current density at exist
of ionization-acceleration region
ion current density at exist

of ionization-acceleration region
= axial characteristic length

length of channel

ion and atom mass

thruster mass

electron mass

mass flow rate

particle density

power

* power of the desired thruster

f iron core radius

inner and outer radius of channel
electron Larmor radius

thrust

electron temperature

neutral particle temperature
discharge voltage

electron drift velocity

electron thermal velocity
electron axial velocity

ion exhaust velocity

neutral exhaust velocity

channel width
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Z = axial coordinates

o = ionization degree

o = electron impact ionization rate

B = hall parameter

¢ = scaling index variable

A = mean free path

Meo = electron mobility in the absence of magnetic field
oL = electron mobility across magnetic field
v, = total electron collisions frequency

Vea = electron collision frequency with atoms
Ve = electron collision frequency with ions
Vew = electron collision frequency with wall

v; = ionizational electron collision frequency
o = collision cross section

op = classical plasma conductivity

o, = conductivity across magnetic field

® = magnetic flux

Subscripts

e = electron density

i = ion density

ie = ion density near exist

n = neutral particle density

ne = neutral density near exist

1,2 parameters of the thruster designed according

to the existing scaling theory and our proposed
one respectively

I. Introduction

ECAUSE of their high specific impulse and high thrust effi-

ciency, stationary plasma thrusters (SPT) are useful for many
on-orbit applications including stationkeeping, orbit rephasing, and
orbit transfer.! The flight heritage and unique performance charac-
teristics of SPT result in the possibility of reduced launch mass and
longer time in station.’

Current SPT research has concentrated primarily on 1-kW class
thrusters because they have been of primary interest for commercial
and military satellite uses. However, as indicated by industry trends
and integrated high payoff rocket propulsion technology (IHPRPT)
goals, the SPT market is expanding beyond the 1-kW class thruster
to both lower powers for small satellites and higher powers for orbit
transfer missions.® This evolution in SPT power level leads to the
development of the SPT scaling theory.

In the existing scaling theory,* !> global geometric similarity
(W/L =const, R/L = const) is adopted, which restricts the degrees
of freedom in the thruster design. A number of issues arise as a re-
sult of the simple linear scaling of the overall thruster dimensions.
First, in scaling to lower powers, B, is inversely proportional to P
because R/L = const. At lower powers, this can result in magnetic
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core saturation, which precludes magnetic field optimization and
results in low efficiency.* Moreover, if global geometric similarity
is adopted when designing lower powers the channel width will be
proportional to the power, leading to serious ion sputtering that will
shorten thruster’s lifetime.>® Second, in scaling to higher powers,
the rate of the power increase will be far smaller than that of the
thruster weight when R/L = const, leading to lower P/M,g and
T/M,g. These results show that the thrusters designed according to
the existing scaling theory cannot satisfy the demands of the orbit
transfer or deep-space exploration. Last, according to the existing
scaling theory m, P and T are proportional to R, which disagrees
with the experimental results.” Shown in Figs. 1-3 are plots of ex-
perimental design points showing the dependence of power, mass
flow rate, and thrust on SPT radius along with the prediction of the
existing scaling theory. The data are also summarized in Table 1
(Ref. 7).

It is obvious that great differences exist between the results ob-
tained from the existing scaling theory and experimental results. The

Table 1 SPT parameters

Parameter SPT-35 SPT-50 SPT-60 SPT-70 SPT-100
Diameter, mm 35 50 60 70 100
Mass flow rate, mg/s 0.9 1.6 2.2 2.5 55
Thrust, mN 10 20 30 40 83
Specific impulse, s 1200 1250 1400 1570 1600
Power, kW 0.2 0.35 0.517 0.593 1.35
Efficiency, % 30 35 40 50 50
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preceding analyses show that it is necessary to improve the existing
theory for the design of thrusters.

II. Overview of the Scaling Theory

SPT scaling has been the subject of considerable research:
Bugrova et al. studied the relationship between the particle mean
free path and the characteristic length and then obtained the simi-
larity criterion in 1974 (Refs. 8 and 9). They also studied the simi-
larity criterion for other propellant.'®!! To preserve the specific im-
pulse and efficiency, Khayms and Martinez-Sanchez® and Hargus
and Cappelli'? proposed the existing scaling theory based on the
following assumptions:

1) The average electron energy, or electron temperature, must be
conserved, which means 7,(z/L) should be conserved; this quantity
is critical to the ionization process and is a characteristic of the
propellant used. '3

2) U, = const (Ref. 13).

3) A/L =const (Ref. 5).

4) Global geometric similarity (W/L = const and R/L = const)
(Ref. 14).

As shown in Table 1, the specific impulse and efficiency are not
invariant. The efficiencies of SPT35 and SPT100 are 30 and 50%,
respectively, which can be caused by the losses from ion sputtering
and ionization process. Research on loss mechanism is still going on.

The resulting relationships are shown in Table 2.

Using their scaling theory and data from the SPT100, Khayms and
Martinez-Sanchez designed a 50-W mini-SPT with outer diameter
of 3.7mm (Ref. 5). The thruster had an efficiency of 6%, too low to be
of value. Additionally, the thruster was too small to be manufactured.
The experimental magnetic field induction was only about 0.17—
0.25 T, lower than the desired 0.4-0.5 T. These results show the
need for an improved scaling theory.

Table 2 Parameter relationships
in the existing scaling theory

Parameters Relationship
n ~R™!
m ~R
P ~R
1 ~R
Jd ~R™!
B, ~R!
E ~R!
Ug const
We ~R™!
Te ~R
Mel ~R
T ~R
90 v v v
I 4
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III. Improvement on the Existing Scaling Theory

A simple linear scaling of overall thruster dimensions results in
serious ion sputtering for lower powers and low power-to-weight
ratio for higher powers. To alleviate these problems, the modifi-
cation R?>~¢/L = const is adopted in our proposed scaling theory.
The characteristic dimensions are redefined to include not only the
length, but also the width of the characteristic region (ionization-
acceleration region). Then we study the relationships between char-
acteristic dimensions and other parameters.

A. Assumptions of Our Proposed Scaling Theory

Our proposed scaling theory is established on the following as-
sumptions:

1) T,(z/L) = const.

2) U, = const.

3) A/L =const.

4) Local geometric similarity is shown by /R = constand R>~¢/
L =const. ¢ equals 1 in the existing scaling theory.

The assumption of invariant electron temperature is justified if
the ratio of power dissipated to electrons is proportional to electron
energy loss at the wall, which is probably the dominant energy loss
mechanism.'>!® For constant specific impulse, the desired discharge
voltage, a design parameter, should be specified as the same as that
of the model. A/L has to be kept constant so that SPT can operate
under the ionization process similarity condition. R>~¢/L = const
can be achieved by adjusting R and ¢.

B. Ionization-Acceleration Region

Shown in Fig. 4 is the ionization-acceleration region, where the
magnetic field is radial and has a uniform value of B,. We assume
that E equals U, /L because the electric field outside this region is
negligible, that is,

E=U,;/L (1)

C. Main Results

Based on the assumptions, we can get the following results:
1) Equation (2) holds if 7,(z/L) = const, A /L = const and local
geometric similarity.

n,(z/L) ~ RE 72, n.(z/L) ~ R*7?
ni(z/L) ~ R*~? 2)

Proof: According to the existing scaling theory, « is determined
by the value of 1 /L (Ref. 5), and so

A/L=1/no L =const = «a = const 3)
Besides, o is only the function of 7, (Ref. 5); thus,
T.(z/L) =const = o(z/L) =const 4)

Outer wall

.

Width W

Inner wall

}‘ Length L

Fig. 4 Ionization-acceleration region.

Combining Egs. (3) and (4) with L ~ R>~¢, one can obtain
Eq. (2).
2) Equation (5) holds if U, = const, local geometric similarity,
and T, does not rise appreciably.
m~ R* (®)]
Proof: For SPT, m can be written as
m= (nieuie + nneune)luﬂ(R2 - r2) (6)
Here, u;. is assumed to be invariant if U, keeps constant, that is,

U, = const = u;, = const (@)

Considering u,e = ;+/3kT,, /M and T, does not rise appreciably,'*-!>
one can obtain

T, = const = u,. = const (8)

Additionally, according to Eq. (2), one can obtain
Mpe ~ R 72, nie ~ R° 2 ©
Substituting Eqs. (7-9) and r/ R = const into Eq. (6) gives Eq. (5).

3) Equation (10) holds if T, (z/L) = const, A/ L = const, and local
geometric similarity.

B, ~ RE—3/2 (10)
Proof: The movement of electron passing through the ionization-
acceleration region with a radial B, results in!'*1°
mUyv, 1 [mU,;v,
~ = B, ~ — — 11
eB2v; "L e v (D
Experimental data show!*
Ve = Vei + Vea + Vew
Vew > Vei + Vea = Ve ™ uet/W
Vew ™ uet/ W
Ve = Ve + Vea + Vew
or Vew > Vei + Vea = Ve ™~ uet/W (12)
Vew ™ uet/ W

Additionally, similar to chemical reaction rate, v; can be written

asI7

Vi = gi/ne =npd; (TeO,S) (13)

Here, uy and «;(7%°) are only the functions of 7, for special
propellent,'” then

U = const

T, = const = {a; (Teo.s) — const (14)
Substituting Egs. (12) and (13) into Eq. (11) and recalling local
geometric similarity, Egs. (2) and (14), one can immediately obtain
Eq. (10).
4) Equation (15) holds if 7,(z/L)=const, A/L =const, U; =
const, and local geometric similarity.

Ja~ RT3 I;~ RS, P ~ R (15)
Proof: According to Ohm’s law, one can get
Je=0LE 16)

It is well known that o, =0¢/1 + (w,/v.)? and oo =n.e*/mv,.
Because w, /v, > 1 and w, = eB, /m in SPT,'7 then

@c/ve> 1= 0,(z/L) ~ nmv, | B} 17)
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Substituting Egs. (2), (10), and (12) into Eq. (17), one can obtain

o0, (z/L) = const (18)
Thus, combining Eq. (16) with Eq. (18), one can obtain
E~R‘2= jo~R7? (19)

Here E ~ R®~? can be obtained from Eq. (1).
Additionally, because ji. = en;u;e, then

u;e = const (20)
Besides,
Ja = Jee t Jies L= jam(R* — %), P=U,l;
then
Jee ~ RET? Ja~ RET?
Je~RTP = Y1~ RS
U, =const P~R® 21

5) Equation (22) holds if 7,(z/L) = const, 1./ L = const, and local
geometric similarity.
Fo ~ RG*O/Z, W, ~ R(¢-3/2 (22)

Proof: Because
1
reNTez/B,, w,=eB,/m
then!?
ro ~ RG-0/2

~ R¢=3)/2
B~ R = {we ~ R&-3)/2 (23)

6) Equation (24) holds if 7,(z/L) = const, A/ L = const, and local
geometric similarity.
,3 ~ R({fl)/Z (24)
Proof: Because 8 =w,/v,, then
~ RC=3)/2
@~ R — B~ R¢-DP
v, ~ R7! (25)

Here, v, ~ R™! can be obtained from Eqs. (12) and (14).
7) Equation (26) holds if T, (z /L) = const, A/ L = const, and local
geometric similarity.

uy ~ RE-D2 (26)
Proof: v, equals E /B, in the crossed electromagnetic field, then
~ R&=3)/2
B, ~ R — uy ~ RV
E~ R¢? 27)

8) Equation (28) holds if 7,(z/L) = const, A /L = const, and local
geometric similarity.

Her ~ R*7¢ (28)
Proof: Because
Mer = /’Le()/(we/ve)zv Meo = e/m‘)e

then

w, ~ RE-I2 -
= fes ~ R*™
v, ~ R Hel (29)

9) Equation (30) holds if T,(z/L)=const, A/L =const,
U, = const, local geometric similarity, and 7,, does not rise appre-
ciably.

T ~R¢ (30)
Proof: For SPT, T = mu;, then

m ~ R¢
=T ~R¢
u;e = const (3D

IV. Comparison of Two Theories

It is presumed that R>~¢/L = const rather than R/L = const is
adopted in our proposed scaling theory, and this results in the dif-
ferences between our proposed and the existing scaling theory, as
shown in Table 3.

It is expected that ¢ is larger than O; otherwise, the power will
decrease (increase) with the increasing (decreasing) of device sizes.

Shown in Figs. 5-7 are plots of calculated and measured results
showing the dependence of power, mass flow rate, and thrust on SPT
radius. The dotted, dash-dotted, solid, and broken lines correspond
to the case when ¢ = 1, 1.5, 2, 2.5, respectively. The asterisks are
experimental results. It is shown that the results from our proposed
scaling theory agree well with the experimental results.

According to Eq. (2), ¢ = 2 can be a good choice if we want
to maintain constant plasma density. Another character of { = 2 is
that the axial characteristic length can keep constant.

For lower powers, because R>~¢/L=const and P~ R¢,
0 < ¢ < 2 should be satisfied to make the dimensions small. Accord-
ing to Eq. (2), plasma density will increase while the dimensions
decrease, which leads to serious ion sputtering and low efficiency.
¢ > 2 can be a choice to alleviate the phenomena. For higher powers,
the main concern is not to alleviate ion sputtering, but to improve
P/M,g and T /M, g, which can be achieved if ¢ is larger than 2.

A. Improvement of Lower Powers
1. Reducing the Probability of Magnetic Saturation

Here, a model with power P is used to design a thruster with
power P*(P* < P). ® can be roughly written as

&~ Bn(r + R)L (32)
1.4 T T T T T T |
o (_:l | | |
L2 —- ¢=15 Lt = - =t
—_— (=2 | I.
- =25 | |
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Table 3 Main differences between two theories

Theory n m P 1 Ja B,

E uy we Te e T

Existing ~R~! ~R ~R ~R ~R7! ~R-!

~R~! const

~R! ~R ~R ~R

Proposed ~R!~2 ~R! ~R! ~R¢ ~R(~2 ~RE=3/2 ~RE-2 ~RC-D/2 ~RE=3/2 _RO-O2 ~R2-¢ ~R¢

nwonnon
A

NN ——
.

s T

perimental results .

[=23
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Fig. 7 Relationship between T and R.
Then the magnetic field induction in magnetic core is
B, =®/nR? (33)
If R;/R = const, then
B\ /B; ~ P/P” (34)

Equation (34) shows that with small values of P* one can obtain
magnetic core saturation. In other words, itis impossible to maintain
optimal magnetic field topology and induction under reduced P*
values, and this will inevitably reduce the efficiency.

According to our proposed scaling theory, one can get

Bio/ B ~ (P/P")€ 0 (35)

Then, if ¢ > 1, B;, will be smaller than B;,. It implies that the
probability of magnetic saturation can be reduced if ¢ is properly
set. To avoid magnetic saturation, B;; should be smaller than B;,
then

P* > P(B;/B;) /0 +9 (36)

2. Alleviating Ion Sputtering

Ton sputtering will be aggravated for narrower channel width
and higher ion density. Combining W, ~ Ry, n;, ~ R§_2, and
P* ~ Ré in our proposed scaling theory with W) ~ Ry, n;; ~ Rl_l,
and P* ~ R, in the existing scaling theory, one can get

W, pr 170 1 pe\ 2
MEPN : N 37
W1 P nji P
According to Eq. (37), the performance of lower powers can be
improved if ¢ is properly set. For example, if ¢ > 1, our proposed

theory can decrease the probability of ion collision with wall and
then alleviate ion sputtering because W, > W and n;, < n;y.

B. Improvement of Higher Powers
Here, we design a thruster with power P*(P* > P). And we pre-
sume that M, ~ R*l and [ ~ L. Thus, according to the existing

scaling theory, one can get
2 2
P*/M1g - i Ty /Mg -~ i (38)
P/M,g J T/M,g P+
Equation (38) shows that the larger the values of P*, the smaller
the values of P*/M,, g and T/ M,, g. Thus the performance of higher

powers is difficult to improve as a result of large dimensions and
weights.
However, according to our proposed scaling theory, one can get

. W\ 2—4/¢ o\ 2—4/¢
P*/Mpg N P_ T/ Mg - P_ (39)
P/M,g P ’ T/M,g P

According to Eq. (39), if { > 2, P/M,g of the desired thruster
will be larger than that of the model, and so does T'/ M, g.

V. Conclusions

Compared with the existing scaling theory, our proposed one
can enlarge the degrees of freedom in the thruster design. When
¢ =2, P,m,and T are respectively proportional to R?, which
agrees well with the experimental results, and the plasma density in
the desired thruster is as the same as that in the model. ¢ > 2 can
be a choice for reducing the probability of magnetic saturation and
alleviating ion sputtering for lower powers, and also can be a choice
for improving the power-to-weight ratio and thrust-to-weight ratio
for higher powers.
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